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Sensitive optimality criteria in countable state dynamic programming *)
by

A. Hordijk & K. Sladky

ABSTRACT

Discrete time Markov decision processes with a countable state space are
investigated. Under a condition of Liapunov function type the Laurent ex-
pansion of the total discounted expected return for the various policies is
derived. Moreover, the equivalence of the sensitive optimality criteria as

introduced by Veinott, is shown.
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'RODUCTION AND SUMMARY

'his paper investigates discrete time Markov decision processes with
itable state space and arbitrary decision sets. Under a condition of
ov function type introduced in section 2, we derive in section 3 the
it expansion of the total discounted expected return for the various
.es. This extends the wellknown results of MILLER & VEINOTT [6] to the
srable state case. In section 4 we give for each policy the asymptotic
;ion of the m—-fold summation of the infinite stream of expected returnms.
the results of sections 3 and 4 we prove in section 5 that a policy
liscount optimal if and only if it is n-average optimal. This shows
luivalence of the sensitive optimality criteria as introduced by

T [10]1, [11]1, [12]. Section 5 extends results of LIPPMAN [4], MANDL [5],
" [7] and VEINOTT [10], [11], [12]. Moreover, the results of section 5
itee the existence of stationary n-discount (n—average) optimal policies.
n the remainder of this section we introduce notions and notations

n this paper.

le are concerned with a dynamic system which at times t = 1,2,..., is
'ed to be in one of a possible number of states. Let E denote the

ble space of all possible states. If at time t the system is observed
ite i then a decision must be chosen from a given set P(i). The prob-
'y that the system moves to a new state j (the so-called transition
ility) is a function only of the last observed state i and the sub-
itly taken decision. In order to avoid an over-burdened notation we
identify the decision to be taken with the probability measure on E

s induced by it. Thus for each i ¢ E the set P(i) consists of prob-

'y measures p(i,.). Let P be the set of all stochastic matrices P
(i,.) € P(i) for each i ¢ E. Hence P has the product property: with

e E the set P also contains that P with for every i ¢ E the i-th row
:qual to the i-th row of P..

. policy R for controlling the system is a sequence of decision rules
e times t = 1,2,..., where the decision rule for time t is the in-
‘ion at time t which prescribes the decision to be taken. This instruc-
1ay depend on the history, i.e., the states and decisions at times

t-1 and the state at time t. When the decision rule is independent




f the past history except for thé present state then it can be identified
ith a P ¢ P. A memoryless or Markov policy R is sequence P],Pz,... e P,
here Pt denotes the decision rule at time t. Pt also gives the transition
robabilities at time t. It follows from a theorem in DERMAN & STRAUCH [2],
eneralized in STRAUCH & VEINOTIT [8] that we do not loose generality by re-
tricting the class of policies to the Markov policies, (see also section 13
f HORDIJK [3]. In this paper we shall only use Markov policies.

A memoryless policy which takes at all times the same decision rule,
c€., P° := (P,P,...), P e P is called a stationary policy.

When in state i decision p(i,.) is taken then an immediate return de-
ending on i and p(i,.) is incurred. Let rp(i) be the immediate return when
aking decision p(i,.) (the i-th row of matrix P) in state i and write r_ for
he vector with i-th component rp(i). Note that if P, Q € P with p(i,.) =

q(i,.) then rP(i) = rQ(i).

The expectation of the cost at time n when starting in state i at time

ne and using policy R = (PI’PZ"") will be denoted by Ei,R. r(gn), where

0 (random variables are underlined) is the state at time n. ER_r(gn) de-

>tes the vector with i-th component Eli R r(§n). It is easily seen that
3

]ER r(_}_{_n) =P1 P, ... 01 b
-1 for the matrix P, ... Pt—l’ where PE_]

2 shall use the notation P is the

1

ot -

11t matrix for t = 1.

1 [ SR

‘We need a notion of convergence on P. A sequence Pn,n = 1,2,.0.55 18
onvergent to P if %ig pn(i,j) = p(i,j) for all i and j. In this case we
nall say that %ig Pn = P. P with this product topology is a metric space.
e assume that P is compact and , is continuous in P i.e. for each i ¢ E
ne limit of er (1) is rp(i) as Pn converges to P. Note that these assump-
ions are automatically fulfilled if P(i) is finite for all i ¢ E. For vec-

ors X,y with i-th components x(i), y(i) we write x < y resp. x < y if x(i)

y(i) for all i ¢ E resp. x(i) < y(i) for all i and x(i) # y(i) for some 1i;

ar vectors x, x_, n=1,2,.,., we write lim x = 0 if lim x (i) = 0 for all
n n+m n »X) n
¢ E and 1lim x = x if lim x (i) = x(i) for all i ¢ E.
n o n n-rw n

For the vector with i-th component the sum of the expected discounted
to time zero) returns up to time T when starting in state i, using policy

= (PI,PZ,..,) and for discountfactor o, we write vg(R), where ;» is the




(I—a)a—l or a = (1+p)_l. Hence

st rate 1.e. P

T

t t

E > = .
] a By r(gt) tz aPp T

I} b1

vp(R) =
t
(R) denote 1imT+w VZ(R). Under the assumptions of section 2 all ex-
ions, sums and limits which we use, exist and converge (cf. [3A] sec-
1). Following VEINOIT [11] we say that policy R* is n-discount optimal
L= =-1,0,1,2,..., if

Liminf 0 v @RY) - v (®)1 = 0,
o+0

ich policy R.

(R) denote the vector of expected returns under policy R up to time T

l '§
v (R) = E.r(x ) =
T =1 Tt t

it o~113
)

~q
[a]

fine recursively for n > 1

n+1
v R) =
T (R)

v (R)
t t

Il o~13

1

following Veinott we call policy R n-average optimal with

,0,1,2,..., if

n+2

T (R*) - V¥+2(R)] 2 0, for each policy R.

liminf l-[V
T
T>o0

'UMPTIONS AND PRELIMINARY RESULTS.

'hroughout this paper, we assume the existence of a state, say state 0,

le existence of finite nonnegative vectors y such that yO(i)

, ' 0’1272
]rP(l){ and yO(l) > 1 for all i ¢ E and for m = 0,1,...

) Ym * OPym+] - ym+]

1P P and




2.0.2) Pym is continuous in P,

lere 4P is the matrix obtained from P by replacing the elements of the
-th column by zeros i.e.
0 j=0
oP(i:3) = {p(i,j) j# 0.

For a finite state space the above assumption is equivalent to the
mdition that state 0 can be reached from each state under each stationary
>licy. For E denumerable we need that state 0 is positive recurrent under
ich stationary policy. More precisely (2.0.1) for m is equivalent to assum-
1g that the supremum over all stationary policies of the total expected
iturn, with immediate return in state i equal to ym(i), until reaching
:ate 0 is finite. In fact, ym+](i) can be taken as that supremum when
:arting state is i. In HORDIJK [3] section 5 where this type of condition
1s introduced it is shown that for queuing models with Yo 2 polynomial of
:gree | in state i then y, is a polynomial of degree 2. Similar Yo is a
ylynomial of degree m + 1.
irther in the case that rP(i) is bounded and the simultaneous Doeblin con-
tion is satisfied then as is shown in HORDIJK [3] section 12.6 all ym's
‘e bounded vectors.

We conclude that the above assumptions are satisfied in an interesting
.ass of countable state Markov decision processes, such as stationary in-
mtory models with backlogging and waiting line models (see also HORDIJK
Al sections 2.1 and 2.2).

1. THEOREM. There are a sequence of vectors g,u , With g a constant

O,Ul,...
etor Ium[ < kmym for some constant km and a monotone decreasing sequence

" nonempty compact subsets of P say P=P_. oP > P] > ... such that for

1 0
.= - > -
A1) ¥p i rp g+ luO Uy
d
‘ m . —
.1.2) WP =-u )t Pum “u.,m= 1,2,...

holds that




m

(2.1.3) ¥p =0 for P e Pm
and
(2.1.4) max W§'= 0.
PeP
m-1

PROUF. The proof proceeds by induction on m. For the v
can take g identically equal to the &g of (5.4.3) in [
v of (5.4.5) in [3]. Suppose grUppUypse el and P—l oF

problem of finding u and Pm+l is again the problem

m+ 1
of [3]. For completeness we give here a slightly diffe
For R = (PI’PZ"") an arbitrary policy we find by

equality
Ym ¥ 0P me1 = Yma1-

P that

successively for PT’PT—I"" 1

T T
LooPieoPent Yot 0P Ywe = Ymer

t=1
Since OPTYm 2 0 for all T it follows that
(2.1.5) tzl oP1  0Pee1m < Ymel

. . <k .
The inequality Ium| Y gives

o

(2.1.6) sup )
R t=

oF1° oPe-1 lUpl = Ky v

1 mt+l -’

et e denote the unit vector i.e. all components equal

and consequently also

Z OPI"'OPt—l e < Vel < o,
t=1
for each policy R = (PI’PZ"'°)°
Define constant
)] ] -
tzl ol 1ol eny (Fu ) (0)
(2.1.7) g := Sup
m ReR_ ©
) ) 3
m oy o 1o ey €O

=1

} g resp. u

[

0
Y0

we

equal to the

DPmarefound,The

id in section 5.6

yroof of it.

:ing the in-




th R = (P],Pz,...) € Rm if P e P for k = 1,2,... and where 0P1"‘0Pt—1X(O)

the zero component of the vector OPl"'OPtml X.

fine vector

.1.8) v i=sup ) P...P (-u-ge).
ReRm t=1 01 0 t-1 m °m

2n as a direct consequence of (2.1.7) we have that v(0) = 0.

rthermore it is wellknown that v satisfies Bellman's optimality equation.

.1.9) v =sup (-u -ge + Pv).
Per mom 0

Now, since v(0) = 0 we can take the matrix P instead of OP in the

tht hand side of the above equality. Further if we take as new vector u

> old one minus & times the unit vector then since Zj p(i,j) = 1 the
lations (2.1.3) and (2.1.4) remain true for m. However, for the new
:tor u_ relation (2.1.9) reads with u for v
m m+1
u = sup (-u_ + Pu ),
m+1 PeP m m+ 1
m
1ce
m+1
WP <0 for all P ¢ P .
m

Moreover, since Pm is compact and the right hand is continuous in P
re are P's for which the right-hand side is maximal.
Define

pm+] = {P e Pm T Un * Plum+l - um+1 = 0.

n Pm+l is nonempty and closed, and as a closed subset of a compact set in

etric space again compact.

Finally since [uml < kmym we have that the first vector u satisfies

m+1

Ium+lI B (km+gm) Yme1” [




Using the inequality ]um[ < kmym we can derive the following inequality

which we need in the sequel.

2.2. LEMMA. FEach policy R = (PI’PZ”") satisfies

Tt _t-1 -1
(2.2.1) tzl o P Ju [ <o ky . (0)
and
-1.7-1
(2.2.2) timt 2. ' Ju | = 0.
Tos<o R m

PROOF. Using the last exit decomposition of state 0 before time t+1 (cf.
CHUNG [1] p.46) it follows

t
S .
(2.2-3) PR ym(l) - kZ] P].-oPk_] (1!0) OPk"’OPt_] Ym(o)
t
< kZ] 0Pk oPeo1 Y0 < v .,€0).
Hence,
vt tel vt _ -1
tgl o Pp lupl <k tzl oy (0 =0 ky  (0).

Relation (2.2.2) is obvious with (2.2.3). [J

2.3. REMARK. For the specialized case that P consists of one element P i.e.
P = {P} it is clear from theorem 2.1 that for the sequence g(P), uO(P),
ll(P),-.-, now depending on P, holds that Wsl = - Um_](P) + Pum(P) - Um(P) =

for m= 1,2,... .

3. LAURENT EXPANSION OF THE DISCOUNTED EXPECTED RETURN

In this section we focus on the discounted expected return for discount-
factors a near 1 or small interest rates. Under the assumptions of section 2
we can expand the discounted expected return for the various interest rates

as a Laurent series in powers of ¢ in a neigbourhood of pp = 0.




1. THEOREM. For each policy R = (P],Pz,...), all M = 1,2,..
= 1,2,... 2t holds that
M-1 T+
1D PR = (- g+ ) pMu - oI T, Ly 1+
T m R m
m=0 t= t
M TJZ'M JEptl
L R M-I
.O0F .
T
t ,t-1
.1.2) w®) = ) o P r
T t=1 R Pt
T
t t-
= Z a P [r, - g+ P u. -u.]+
t=1 ROTFR t 0
T
T, -1 t,_t t-1 .
+ -— - —
(1= )p g Z " (Pp uy~Pp )
t=1
T T+1
T, -1 t -
= (l-a")p g+ z a Ptle - p Z ot 1
bt R P
t=1 t t=1
T+1 _T
+ u0 o PR u0
T, -1 0 T+1 _T T t
=(l-a")p g+plu, -a P. u. + z o
0 R 0
t=1
T+1 |
t t-
- p Z] Qa PR UO.
nilarly, for m = 1,2,.
T+m T+m
t ot-1 _ t-1 _
1.3) z a PR u ;| = 2 o PR (-u _14-Ptu um) +
t=1 =1
T+m




= - Z at P;—l wg +p Z o P
=1 t t=1
- u_ + a
m
T+m+ 1] T+m
= - {lu " Pifm o L o
t=1
T+m+
-0 Z
t:
Substituting (3.1.3) for m =1 in (3.1.2) a

‘or m = 2 in the result etc. gives after (M-1) s

3.1.1). 0

'heorem 3.1 together with lemma 2.2 gives

M-1 o
(3.1.4)  vP@® =olg+ J o"lu + ] ofP
m=0 t=1
M-2
+p r(p

vhere lim r(p,R) = 0, uniformly in all policies
p+0 '

"is relation (3.1.4) together with remark 2.3 y
- -1 M-1 o
(3.1.5) PE*) =0 g®) + ] o u_(B) + 0O
m=0
Relation (3.1.5) is a partial Laurent serie
[he question raises then whether also a complete
1 = o, Indeed, without pursuing this result here
Joeblincondition for P with bounded return vecto

to infinity (sec sections 11 and 12 of [31]).

n substituting (3.1.3)

utions the expression

or stationary policy P

owers of p.
nt series is true i.e.
ate that under the

M can be taken equal




ASYMPTOTIC BEHAVIOUR OF THE TOTAL EXPECTED RETURN.

. . . . . . m
We derive in this section an asymptotic expansion of VT(I [ > o,

Lmem.merpdwyR=@P%““La%M=IJV“ 121
= 1,2,... the following equality is satisfied

M-1 M-1
M T+M-1 k T+M-k-2
.1.1) v..(R) = ( )g + z z ( ) ( L >u +
T M 0o 1l WU wk-1)%
M-1
T /M—l) M
- P u, + (R).
R ,Q,Z'O \ ) 2 q)T
2re
T
1, t-1 0
1.2)  4p(R) = ] P W
t=1 t
! 1
T m-
+1 -1 t-1 +1
.1.3) op @ = [ loT® + ] (ml ) P v )-
t=1 \ 2=0 t
JOF. It is easily proved by induction on k that for all T = ., and
Lk =1,2,...
T
t+k-1\ _ (T+k
1.4) tzl ( K ) = ‘k+1)

From relation (3.1.3) for p = 0 or o = 1 we find for g =

T T
t-1 T t-1 2+l
,1.5) - Z P u =u - P u ot Z P Y .
t=1 R 2 L+1 R 2+l =1 R Pt
ice, .
T .
t _ _ oI _ ol t 1
1.6) Y Ppou, = up +u Pr up = Poug ) Pr
t=1 t=1
The proof of (4.1.1) proceeds by induction on M. Relation 2) for
: 0 yields

T
1
1.7) vp(R) = Tg + uy - Ppouy + ) P b




11

ubstituting (4.1.2) for the last term on the right hand side we find

4.1.7) is (4.1.1) for M = 1 (note that we use the convention (5) = |
= 0,1,...).
y induction hypothesis assume that (4.1.1) is true for M = m and all
2,... . Hence using relation (4.1.4) we find

+1 I m
) Vit R) = ] V_(R)

T =1 t

m-1 m—1
_ (T+m+1-1 k\ (T+m+1-k-2
- ( w1 >g 1ol (z) ( m+1-k-1>“2 *
T t m-1 o1 T o
Sl T (e 1w,
= t=1
he last two terms give with relation (4.1 .6)

m—1
m-1 ( T ol \
) zzo ( z ) Uty PR Y TTR Yaer) T

- § {¢ MR) + mil (m'l)Pt"l w2+1]
L0 V0 S

sing (4.1.3) and (m;l> + (E_;> = <?> we find that (4.1.9) equals

m m+1-1
/m) T [m+1-1>u m+1
0 - P R).
) QZO \e/ % ~ R QZO L p Mt B

ubstituting (4.1.10) in (4.1.8) gives relation (4.1.1) for M =m + 1. (

EMARK. For stationary policy P we find with g(P), uO(P),u](P),...

d in remark 2.3 that for all M = 1,2,...

M-1 M- M-1
M, o (T+M-1) (k\ (T+M-k-2 T M-1\
) up(P) = < uo BB zzo kzg \2) | M-k-1 )“z(P) ’ QZO Ve

a

BIBLIOTHEEK MATHEMATISCH CENTRUN
~ e AMSTERDAM




. EQUIVALENCE OF SENSITIVE OPTIMALITY CRITERIA.

In this section we prove the equivalence of the sensitive optimality
riteria as introduced by Veinott. Actually we shall prove that policy R
s n—discount optimal if and only if it is n-average optimal. For stationary
olicy R the assumptions of section 2 are sufficient for nonstationary pol-
cy R we need an extra condition (relation (5.1.4) which is always satisfied

f the decision sets P(i) are finite.

.1. LEMMA. If policy R = (P],Pz,...) is such that for certain i € E

(n
]
<
=]
—
'_l
N
1

5.1.1) P 0,

or all m = 0,1,...,m0—1 and all t = 1,2,...
“en each of the following two conditions imply the property:

r each € > 0 there exists a finite negative integer h_ such that for non-

T
2gative constants € 3Egsnss with Z €, < T.e,
t=1
m_+1 m
. t-1 0 . t-1 0,.
<
5.1.2) PR wP (1) < he PR wP (1) + €,
t t
1e conditions are
3.1.3) a. R is a stationary policy <.e. Ppo=P,= ...
+1
0 .
b. th (1) 1 M
5.1.4) limsup {WP (i) # 0} < =,
troo 0 (i) t
bp (1
t
Mo
iMARK. Condition b is essentially a condition on the derivatives of Vp

ma+1
1d Up with respect to P. It is always satisfied if the set of deci-

lons in 1 is finite.
\00F. For any P and any j it follows from theorem 2.1 that

the first nonzero element of
0,. l,.
tv,7(3), ¥, (3),..0}

is negative




.. -1,. . ..
Assume that for some t and some j with P; (i,]) positive we have

m
(5.1.6) wpo(j) > 0.
t

Then define
(5.1.7) m = min {3g with P;_l(i,ﬁ) > 0 and wg(g) # 0}
t

then it follows from (5.1.5) and (5.1.6) that mz<'m0. Moreover, for ¢ wi
- n : -

Pé 1(i,1) > 0 we have by (5.1.7) that ¥p (1) = 0 for n < m. Hence from

(5.1.5) if BL ' (i,1) > O then

m
bp(2) < 0
t
Consequently
t-1 m,.
PR ngl) <0,

which is in contradiction with assumption (5.1.1). Conclusion

o t-1
(5.1.8) wp (j) £ 0 for all j with PR (i,3) > 0.
t

Also, from the above arguments if for j with PE—}(i,j) >0

mO m0+1
(5.1.9) Yo (i) = 0 then bpo (3) <0
t t

. .. t-1,. .
Relations (5.1.8) and (5.1.9) imply for each j with PR (i,3) > O
he existence of a negative integer h(j) such that

m0+1 mO
'5.1.10) Yo (i) < h(j) Up (1)
t t

Now if the decision pt(j,.) is the same for all t, which is the cas

)

! is a stationary policy, or when relation (5.1.4) is satisfied then we

or all t = 1,2,...

m0+l ™ I
5.0 1) vy () 7RG, G) i Py, > 0
t t




Let constant ¢ be such that

m.+1
]w 0 [ <cy for all P. That such a constant ¢ exists
P m0+l

>llows from theorem 2.1. In fact, for ¢ we can take km +,2km ] + Yo +1

0 0 0
Now choose € > 0O arbitrarily, then there exists a finite set A€

(0).

uch that for all policies R = (PI’PZ"°‘)

(o]

. . . -1
5.1.12) Y APie.. P (i,0) ¥y (j) < ¢ .e.
ng L 0o e m+1

The proof of the existence of Ae is not short. However, it is easy to

tate the facts implying the above result.

1ey are:

. The set R of all policies R is a compact set, where Rn (p )

n]’PnZ""
converges to R_ = (Pw],sz,...) if and omnly if iiz Pnk = Pcok

for all k= 1,2,... .

The proof of the compactness of R is a direct application of the well-

known diagonal procedure and the compactness of P.

5.1.13) E(R) := ) P

is a continuous function of policy R = (PI’PZ"")' The proof of this

is direct from the fact that (cf. (2.1.5))

) APie.. Py P....Py
e=fep 017770 €21 Tm+l < 07177 00°T Ym42,

and the fact that the right-hand side of this inequality tends to zero

uniformly in R (for a proof see the first part of the proof of lemma
5.7 of [3] or lemma 3.7 in [3A]).

Now we sketch the proof of relation (5.1.12). Take sequence of finite
bsets A1 < A2 € ... , such that n§1 An = E and suppose for each n there is
policy R such that for Rn relation (5.1.12) is not satisfied with An for
. Let R be a limit of some subsequence R . Then it follows from the

nk
ntinuity of f(R) that (cf.l 3] lemmas 4.11 and 4.12)




[o2]

) . . . -1
e t=1 0Pl QPer-1(123) Yy 4 (3) 2 e e
j¢ U A 0
n=1"n
which arly not true. By contradiction we find that finite set Ae
exist.
U he last exit decomposition of state O(cf. lemma 2.2), we fi;
for po ,=(P],P2,...), t=1,2,...
m_ +1
t-1,. . 0 .
g PR (1aJ) WP (])l <
A t
€
t
<c L Py By (5,00 Bl P (0,0) Yy
| Ae k=1 0
t
<ec ) P ... P (0,i)y (i).
ng L Ok 0 t-1 my+1
€
Hence
T m,+1
1 t=1 ,. . 0 .
= 7 P (i,3) v, (D] s
T . R P
t=1 jgA t
€
. T T p p . .
<7 y 7 oofk trr oFeoy (0syy 4 (D)
k=1 jéA  t=k 0
< €
Conseq - for
m,+1
t-1,. . 0 .
(5.1.1 e, = % Pe (1,3 lvp (D]
, j AE t
we hav
T
Z Et < T.e
=1
Define
= min h(i)




en h > -«
€

d from (5.1.8), (5.1.11) and (5.1.14) for t=1,2,...

m_+1 m_+1
t-1 . t-1,. . .
e w0 ()= T PR w (3D e,
t jeA t
€
m
t-1,. . 0,.
ch, 3D 26 v,
jeA t
€
t-1 "o,
< he PR lth(l) + €y 0

th the preliminary results of lemma 5.1 we are in a positio

rst main result of this section.
2. THEOREM. Policy R = (PI’PZ"") s n-discount optimal if

t-1 m

.2.1) PR wP =0 form=0,l,...,nand t = 1,2,...
i t
.2.2) limp J of PIE—] w;” =0

ov0 t=1 t

XF. We first prove that condition (5.2.1) is necessary by ¢
(5.2.1) is not satisfied then R is not n-discount optimal.

let us assume that for some i

tg! m
.2.3) PR wP (i) # 0 for some ty and some m, < n.
t
and
t-1 m
2.4) PR wP =0 form-= 0,1,...,m0_] and t =1,2,..
t
t=1 "0
Then as shown in lemma 5.1, PR bp < 0 for all t and
t
to—l
.2.5) P, w‘;b(i) <0,
%o
Let P be an element of P Then wl = = wn+l =0
n+]' p ® o 0 p

Hence from (3.1.4)




) vP@R) - VP (@) = o

'38 r(p,R,P") = 0.
Ising (5.1.2) we find that the right hand side m

)r than or equal to

m (o]

t-1 0,. t
b (Do) +p ] afe

t
P
RS

1

No~18

t t=1

'or the second term we have the inequality

£=1 k=1 K
< p2 € z a t <€ a_]
t=1

to—l mO

lence for € < |PR Up (i)| we obtain
%o

-m 0 0 tO—l mo
1imi f 0 - g 3 +
p¢51 o O[VT (R) v (P )1 < Py Up (1)

t

0
Jonsequently R is not mo-discount optimal and a
it optimal. The conclusion is that condition (5

ng that (5.2.1) is satisfied then we have (cf.

t-1 n+l

7
) PR wP <0 for all t.
t
telation (5.2.6) for m, = n gives
liminf p—n SVO(R) - Vp(Pm)l = liminf p X
p+0 p+0 t=

Jith (5.2.7) we conclude that for R to be n-disc

1 (5.2.2) must be true. In that case the limit o

| 0
t

0 r(psR,Pw),

mo

ied by 0 is

Y (i)

ri also not n-

is necessary.

5.1)
-1 w“()+1
RV

ptimal also con-

WR) - V(@) |
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Is p ¥+ 0 does exist.
Using exactly the same arguments it is straightforward

or P ¢ Pn+1 and arbitrary R
5.2.8) liminf o " [v?(P") - vP(R)] = 0,
p+0

.e. P is n-discount optimal.
The proof that conditions (5.2.1) and (5.2.2) are suffi

imple. Indeed, for arbitrary policy R* we have from (5.2.8)

liminf p "IvP (™) - vP@R™)1 2 0

p+0
ith
lim 0 WP @®R) - vP (™)1 2 0
p¥0
e obtain

liminf p “vP@R) - vP®")1 2 0. [
p+0

very similar theorem for n-average optimality shall be prov

.3. THEOREM. Policy R = (PI,BZ,...) 18 n-auerage optimal if

5.3.1) PR’ Vp =0 form=0,1,...,nand t = 1,2,...
t
nd
T
5.3.2)  limg | po et = o,
T t=1 t

ROOF. The proof proceeds very similar to that of theorem 5.:
For the necessity of (5.3.1) assume relations (5.2.3) ar

rom relations (4.1.2) and (4.1.3) it follows that

¢$(R) =0 form=0,1,...m and T = 1,2,...

0

ve that

is now

1ly if

2.4).




m_+2 T t
o @ = 3 (I %

t=1 k=1

(5.3.3)

T t-1
L Py [(T+m
t=1

moo
For P ¢ Pn+l then ¢t(P )y =0 f

Hence from relation (4.1.1) we
m0+2 m0+2 -
(5.3.6)  wl R -w® %)=
+
t
m
t. -1 0,.
For e < PRO Ith(l)l let T0 b
0

in Cesaro limits a finite number of

for the i-th component of

m.+2 m
. . 1
liminf T'[VTO (R) - VTO
T-c0
| T—TO
< liminf T Z F(T+m0+l
T t=1
t m
0 0,. )
< PR th(l) + e <0,

Consequently R is not m,-averag
ptimal.

Assuming that (5.3.1) is satisf
lelation (5.3.4) for my =1 gives

. . ] +2 +2
liminf T fv; (R) - v;

T

(5.3.5)
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. m m +11
-1 o) -1 To*
+ m0 PR wP + PR wP f
t t
mo m0+1
0,1,..., n+*2 and t = 1,2,...
m0+1{m0+1\
) u
%<0 \ 2 j 2
m m_ +1
0 0 .

1
[(T+m. +1-t) ¥, + ¥
0 P Pt

. that TO + mO + 1 > - he' Since

can be omitted we find with (2.2.2)

mal and a fortiori not n-average

have again relation (5.2.7).

T
. . 1 t-1
= liminf —-tZl PR wP

T-oo T t




With (5.2.7) we conclude that for R to be n-average optimal also con-
ttion (5.3.2) must be true. In that case the limit instead of limes infe-
lor in expression (5.3.5) can be taken. The rest of the proof is strictly

imilar to that of theorem 5.2. []

4. COROLLARY. Policy R = (P],Pz,...) is n-discount optimal <if and only if

¢ 18 n-average optimal.

00F. From theorems 5.2 and 5.3 it follows that the only thing we have to
rove is that under the condition (5.2.1) conditions (5.2.2) and (5.3.2)
‘e equivalent. Indeed, since PE_] w;+] < 0 for all t it follows from a

:1lknown Abel and Tauber theorem thaE (cf. TITCHMARSH [9] p. 224-229)

o o]

lim p Z at P;—] wg+] =0
p+0 t=1 t
" and only 1if
T
m g § eSS =00 D
T t=1 t

5. COROLLARY. Since for each n the subset Pn of P is not empty, it follows
om theorem 5.2. and 5.3 that for each n there exists a stationary policy

ich is n-discount optimal and also n-average optimal.
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